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Exercise 1

Let X be a scheme, and let Z be a closed irreducible subset of X. Prove that there is a unique point of
Z that is dense in Z.

Exercise 2

Let X be an integral (i.e. irreducible and reduced) scheme. Prove that the restriction morphisms
(Ox(U) = Ox(V) for open sets V C U) are injective.

Exercise 3

Let A :=C[X,Y]/(X?® —Y?) and X := Spec A. What are the points of the scheme X? Which ones are
closed? dense? What are their stalks?

Exercise 4

Let k be a field, and A} := Speck[X] the affine line over k. Let P be the point corresponding to the
ideal (X). Prove that U := A} \ {P} is open. Let ¢: U — U be the restriction of identity to U. Check
that A}c can be glued to ./A,lc along ¢. Let X be the resulting scheme. What are the global sections of X?
Prove that X isn’t an affine scheme.

Exercise 5

Let A and B be graded rings, and let f: A — B be a morphism of graded rings, i.e. a morphism of rings
that send homogeneous elements of A to homogeneous elements of B with the same degree. Prove that
f induces a morphism of schemes from Proj B to Proj A (i.e. Proj is a contravariant functor).

Exercise 6

Let A be a non zero ring. Prove the equivalence of the following conditions:
(i) the topological space Spec A is not connected;
(ii) there exists x,y € A such that 2?2 =z, y?> =y, 2y =0, v +y = 1;

(iii) the ring A is a product of two non zero rings.
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